This paper is the second of two dealing with independent contributors to the structural kinetic and acoustic potential energy: vibroacoustic modes and clusters. In this paper, the theory of clusters is applied to a symmetric double wall composed of a pair of uniform flat panels, separated by an air gap and connected by mechanical springs, where the receiver panel is coupled to an enclosure. It is found that in the symmetric double wall, shapes of the uncoupled structural modes of the panels are clustered into an even or odd function, and these clusters independently contribute to both the structural kinetic energy of the panels and the acoustic potential energy in the air gap and the enclosure. Spatial filters to extract the individual clusters from the measured velocities of the panels are derived for the symmetric double wall. The performance of the active control system, using each cluster as the error criterion, is numerically simulated.
Introduction
Double walls are widely used to achieve high sound insulation in a lightweight structure. The sound insulation performance of double walls usually degrades at low frequencies, and active control strategies have been applied to improve sound reduction at low frequencies.
(1)- (11) However, structural vibration reduction and sound reduction are not necessarily compatible. (12) - (19) Structural vibration can increase, while decreasing the sound radiated from the vibrating structure, and vice versa. This vibroacoustic discrepancy could be reasonably overcome by designing control systems based on components that independently contribute to both the structural kinetic energy and the acoustic potential energy. These components are termed vibroacoustic independent contributors and the work is based on this philosophy. The double wall considered here consists of a pair of panels, separated by an air gap and connected with mechanical springs, where the receiver panel is coupled to an enclosure. In the first part of this work, (20) the theory of vibroacoustic modes (21) , (22) was adapted for the double wall case. The vibroacoustic modes are the panel's velocity distributions, which independently contribute to sum of the structural kinetic energy of the panel and the acoustic potential energy in the enclosure. Derivation of the vibroacoustic modes is based on the diagonalization of a set of matrices: a frequency independent diagonal matrix consisting of masses of elements of the panel and a frequency dependent non-diagonal matrix consisting of acoustic transfer functions between representative locations of the elements. In the mathematical process, the sum of the mass matrix and the acoustic transfer function matrix, which is frequency dependent and nondiagonal, is converted into a combination of a matrix of the eigenvalues, which is frequency dependent and diagonal, and a matrix of the eigenvectors, which is frequency independent and nondiagonal. This conversion simplifies filters to estimate the sum of the structural and acoustic energies from measured velocities on the panel. However, the frequency dependence remains in the signal process. Thus, a part of the signal process is implemented in digital filters, which include a degree of computational burden. This calculation cost is not always acceptable in practice. This paper focuses on an alternative vibroacoustic independent contributor. If the structure is symmetric, the structural mode shapes are clustered into an even or odd function. It is known that in symmetric vibroacoustic systems, the clusters independently contribute to both the structural kinetic energy and the acoustic potential energy. (19) , (23)- (28) In this regard, however, the independence holds in units of clusters, not in units of the structural modes included in each cluster. In that sense, the clusters are rough vibroacoustic independent contributors. The important thing is that the filters that extract the clusters from the measured velocities on the panel depend solely on the symmetry, and they are not frequency dependent. Therefore, the filtering process can be implemented in fixed gains. The primary purpose of this paper is to control both the vibration and sound of the double wall by controlling the clusters. It should be noted that the applicable scope of cluster control is restricted to symmetric double walls such as double fixed windows. A secondary purpose is to use a case study of double walls to demonstrate the advantages and disadvantages of cluster control compared to vibroacoustic modal control. In Sec. 2, the theory of clusters is adapted for the case of double walls. In Sec. 3, active control based on clusters is simulated. Section 4 summarizes the findings of this study. 
Theory: Clusters of Symmetric Double Walls

Clusters
The double wall considered in this work is illustrated in Fig. 1 . The rectangular double wall is composed of a pair of uniform flat panels, separated by an air gap and connected by I mechanical springs. The upper panel is subjected to an outside acoustic excitation, i.e. a disturbance input, and J point forces, i.e. control inputs, whereas the lower panel is coupled with an enclosure. The two panels are flexible, while the surrounding walls of the air gap and enclosure are rigid. This model is the same as used in the accompanying paper (20) and developed by following the approach of Cheng et al. (29) It is assumed in this paper that the double wall is symmetric in the x and y directions: there is symmetry of the panel boundary conditions, of the locations of the mechanical springs, and of the stiffness coefficients of the mechanical springs. Shapes of structural modes of the upper and lower panels, and of acoustic modes of the gap and enclosure, are clustered into an even or odd function in the x and y directions. The even/even, even/odd, odd/even, and odd/odd clusters are defined. The velocities on the upper and lower panels, 
where r is the location, ω is the angular frequency, and the superscript T denotes the transpose.
( ) -length column vector, and its components are the complex amplitudes of the acoustic modes of the air gap, which belong to the even/even cluster. The other block vectors are defined in the same way.
Accordingly, the matrix of the coupling coefficients between the structural modes of the upper panel and the acoustic modes of the air gap (20) is written as ( ) 
where 1 S is the surface area of the upper panel, and the block diagonal form is derived from the characteristics of the even and odd functions. The block diagonal form in this equation indicates that the clusters of the upper panel and air gap are independent. Likewise, the matrix of the coupling coefficients between the structural modes of the lower panel and the acoustic modes of the air gap is given as ( ) 
where 2 S is the surface area of the lower panel. The matrix of the coupling coefficients between the structural modes of the lower panel and the acoustic modes of the enclosure is described by ( ) ( 
Equation (2.6) indicates the independence of the clusters of the lower panel and air gap, and Eq. (2.7) implies the same between the clusters of the lower panel and enclosure.
The matrix of the feedback coefficients of the structural modes of the upper panel through the mechanical springs (20) is written in the cluster form, ( ) 
where K is an I I × diagonal matrix consisting of stiffness coefficients of the mechanical springs. 1, / , e e K Φ is an 1, / e e M I × matrix, and its components are dependent on the shapes of the upper panel structural modes, which are classified into the even/even cluster, and the locations of the mechanical springs. The other block matrices are defined in a similar way. Recalling that the mechanical springs are symmetrically located in the x and y directions, the following expression is introduced:
e e M I × matrix, which depends on one of four symmetric sets of the spring locations. The other block matrices in the above equation are defined in a similar fashion. Moreover, the following expressions are also introduced:
The relationships below are effective because of the traits of the even and odd functions. 
In addition, K is reformulated as 
where the four block matrices are 4 4 I I × and diagonal. Since distributions of the stiffness coefficients of the springs are symmetric, the following relationship holds.
Likewise, the matrix of the coupling coefficients between the upper and lower panel structural modes via the springs,
, and the matrix of the feedback coefficients of the lower panel structural modes through the mechanical springs,
, are described as ( )
Equations (2.19), (2.20) , and (2.21) indicate that the four clusters in the upper and lower panels are independent.
Equations (2.5), (2.6), (2.7), (2.19), (2.20) , and (2.21) show clearly that the even/even, even/odd, odd/even, and odd/odd clusters are independent contributors to the structural kinetic energies of the upper and lower panels, and to the acoustic potential energies in the air gap and the enclosure. In this regard, however, the independence is effective in units of clusters, but not in units of the structural modes included in each cluster. From this perspective, the clusters are rough vibroacoustic independent contributors.
Cluster filters
A methodology for extracting each of the four clusters from the measured panel velocities is presented. The velocities on the upper panel measured at 1 L points are given matrix and its components are dependent on the upper panel structural mode shapes, which correspond to the even/even cluster, and the locations of the velocity measurement points. The other block matrices are defined in the same way. If the measurement points are symmetrically located in the x and y directions, the following expression is introduced, matrix, and its components are dependent on the shapes of the structural modes of the upper panel, which correspond to the even/even cluster, and one of the four symmetric sets of the velocity measurement points. The other block matrices are defined in the same manner. Moreover, the following expressions are given: 
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The relationships described below are effective because of the traits of the even and odd functions: 
As seen in the above equation, this simple signal processing easily extracts each cluster. The filters are referred to as cluster filters. Likewise, the individual clusters of the lower panel structural modes can also be detected as
Consequently, the error criteria for the respective clusters are defined as ( ) 
Furthermore, the cluster filters can be used to individually actuate each cluster from the reciprocity between measurement and actuation. Combining the measurement methods in Eqs. (2.33) and (2.34) and the derived actuation methods, each cluster can be controlled without any spillover, and the error criteria for the clusters in Eqs. (2.35) through (2.38) can be minimized independently by a conventional linear quadratic optimization.
Numerical Simulation: Cluster Control of a Double Wall
Specification of a double wall
The double wall simulated in this section is illustrated in Fig. 1 , and is identical to the one used in the accompanying paper. , and the speed of sound in air is as 340 m/s. z -directional lengths of 0.10 and 0.60 m are used for the air gap and the enclosure, respectively. In this simulation, 7 6 1 × × and 7 6 6 × × acoustic modes are considered for the air gap and the enclosure, respectively, and the modal damping ratios are set equal to 0.004. Table 3 lists natural frequencies of the uncoupled acoustic modes of the air gap, and 4 
10
× N/m, with a ratio between the stiffness of the mechanical springs and the aerostatic stiffness of the air gap (29) of unity. Then, the energy transmission between the two panels depends equally on the mechanical springs and the air gap. This could facilitate observation of the effect of the mechanical springs and the air gap on the coupling between the panels. Note that this double wall is symmetric in the x and y directions; thus, the even/even, even/odd, odd/even, and odd/odd clusters are defined. Moreover, it is assumed that each panel is divided into equal 4 4 × elements for calculating the structural kinetic energies of the upper and lower panels and the acoustic potential energy in the enclosure, as the in the accompanying paper. (20) An oblique plane wave with a pressure of 1 Pa, incident elevation angle of 4 π , and incident azimuth angle of 4 π is assumed to be the external acoustic excitation. . These point forces are preprocessed by the cluster filters to excite each cluster without any control spillover among the clusters. The amplitudes and phases of the point forces required to minimize the error criteria for the four clusters are derived by a conventional linear quadratic optimization. (30) According to Sec. 2, the error criterion can be expressed in linear quadratic form of control forces. The optimum control forces, which produce global minimum value of the quadratic function, can be determined in the same manner as the accompanying paper. Figure 2 shows the frequency characteristics of the double wall before and after the even/even cluster control. The figure shows that the peaks corresponding to the even/even cluster are selectively reduced in terms of vibration and sound. The energy of the even/even cluster is effectively transmitted from the upper panel to the lower one at very low frequencies, but not at higher frequencies. In other words, the two distinct peaks below 100 Hz, which belong to the even/even cluster, are significant in the response of both panels, whereas the other peaks relating to the even/even cluster are significant in the response of the upper panel but not in the response of the lower panel. This behavior is explained below. At very low frequencies, the uncoupled structural modes (1,1) of the upper and lower panels are resonant and their natural frequencies are quite close, as listed in Tables 1 and 2 . The two structural modes can couple with each other via the mechanical springs, because these modes are classified into the same cluster, i.e., the even/even cluster, as described in Eq. (2.20) . Hence, the energy of the even/even cluster is effectively transmitted through the mechanical springs in this frequency range. The uncoupled acoustic mode (0,0,0) of the air gap is also resonant in the low frequency band, as listed in Table 3 . This acoustic mode is classified into the even/even cluster; thus, it can couple with the structural modes belonging to the same cluster, including the modes (1,1) of both panels. Hence, the energy of the even/even cluster is effectively transmitted between the panels via the air gap within this frequency band. On the other hand, at higher frequencies, the resonant structural modes belonging to the even/even cluster are modes (3,1) and (1,3) of the upper and lower panels, as listed in Tables 1 and 2 . However, the natural frequencies of the two modes of the upper panel are not close to those of the lower panel. For this reason, the energy of the even/even cluster is not efficiently transmitted via the mechanical springs in this frequency range. The acoustic mode of the air gap, which is included in the even/even cluster, is mode (0,0,0) in the frequency range of interest, as listed in Table 3 . This acoustic mode is not resonant, except at very low frequencies; thus, the energy of the even/even cluster is not transmitted significantly via the air gap at higher frequencies. A similar situation is true for energy transmission from the lower panel to the enclosure. The uncoupled acoustic modes (0,0,0) and (0,0,1) of the enclosure are categorized into the even/even cluster, and these modes are resonant at 0 and 283.3 Hz, as listed in Table 4 . Consequently, the energy of the even/even cluster is effectively transmitted from the lower panel to the enclosure around 0 and 283.3 Hz but not at other frequencies, as is clear from the responses of the lower panel and the enclosure. Thus, the energy of the even/even cluster is most effectively transmitted throughout the upper panel and the enclosure at very low frequencies. Low frequency sound is significantly reduced by even/even cluster control. Figure 3 shows the frequency characteristics of the double wall before and after even/odd cluster control. The figure shows that the peaks associated with the even/odd cluster are independently reduced. The energy of the even/odd cluster is not efficiently transmitted from the upper to the lower panel over the entire frequency range of interest. This is because the structural modes classified in the even/odd cluster are modes (1,2) and (3,2) for both panels, as listed in Tables 1 and 2 . The natural frequencies of the two modes of the upper panel are not close to those of the lower panel. This leads to inefficient energy transmission through the mechanical springs. From the perspective of the acoustical energy transmission path, the acoustic mode (0,1,0) of the air gap is categorized into the even/odd cluster, and its natural frequency is far from the natural frequencies of modes (1, 2) and (3, 2) of the upper panel, as listed in Table 3 . The energy of the even/odd cluster is, therefore, not efficiently transmitted from the upper panel via the air gap. The energy transmission from the lower panel to the enclosure is also discussed based on the axis of the clusters. The acoustic mode (0,1,0) of the enclosure is classified into the even/odd cluster, and its natural frequency is 309.1 Hz, as listed in Table 4 . The energy of the even/odd cluster is effectively transmitted in the vicinity of that frequency, as shown in the figure. Thus, the energy of the even/odd cluster is most effectively transmitted through the upper panel and enclosure around the natural frequency of the acoustic mode (0,1,0) of the enclosure. Sound in the frequency range is successfully attenuated by even/odd cluster control. Figure 4 shows the frequency characteristics of the double wall before and after odd/even cluster control. The peaks related to the odd/even cluster are separately reduced, and the energy of the odd/even cluster is not transmitted significantly from the upper to the lower panel at frequencies up to 400 Hz. Cluster theory accounts for this observed behavior. The structural modes associated with the odd/even cluster are modes (2,1), (4, 1) , and (2,3) of the upper and lower panels, as listed in Tables 1 and 2 . The natural frequencies of these modes are not close; thus, the energy transmission via the springs is ineffective. From the viewpoint of the acoustical energy transmission path, the acoustic mode (1,0,0) of the air gap is classified into the odd/even cluster, and its natural frequency is not close to any of the natural frequencies of modes (2,1), (4, 1) , and (2,3) of the upper and lower panels, as listed in Table 3 . The energy of the odd/even cluster is not effectively transmitted via the air gap in this situation. The energy transmission from the lower panel to the enclosure is explained as below. The enclosure acoustic modes (1,0,0) and (1,0,1) are included in the odd/even cluster, and their natural frequencies are 242.9 and 373.2 Hz, as listed in Table 4 . The energy of the odd/even cluster is efficiently transmitted near these frequencies, as seen from the figure. Thus, the energy of the odd/even cluster is most effectively transmitted throughout the upper panel and the enclosure around the natural frequencies of the acoustic modes (1,0,0) and (1,0,1) of the enclosure. Sound in the frequency regions is effectively insulated by odd/even cluster control. Figure 5 shows the frequency characteristics of the double wall before and after odd/odd cluster control. The peaks corresponding to the odd/odd cluster are reduced, and the energy of the odd/odd cluster is poorly transmitted from the upper panel to the lower one over the entire frequency band under consideration. The reason is that the structural modes classified into the odd/odd cluster are modes (2,2) and (4,2) of the upper panel and mode (2,2) of the lower panel, as listed in Tables 1 and 2 . The natural frequencies of these modes are not close, making energy transmission via the mechanical springs inefficient. The acoustic mode (1,1,0) of the air gap is categorized into the odd/odd cluster, and its natural frequency is not close to the natural frequency of mode (2,2) of the lower panel, as listed in Table 3 . The energy of the odd/odd cluster is not efficiently transmitted to the lower panel via the air gap in this condition. The energy transmission from the lower panel to the enclosure is explained as follows. The acoustic mode (1,1,0) of the enclosure is in the odd/odd cluster, and its natural frequency is 393.1 Hz, as listed in Table 4 . The energy of the odd/odd cluster is smoothly transmitted near this frequency, as seen from the figure. Thus, the energy of the odd/odd cluster is most efficiently transmitted throughout the upper panel and the enclosure around the natural frequency of the acoustic mode (1,1,0) of the enclosure. Odd/odd cluster control decreases sound in this frequency band.
Conclusions
The rectangular double wall considered in this work consists of a pair of panels, separated by an air gap and connected with mechanical springs, where the receiver panel is coupled to an enclosure. In addition, it is assumed in this paper that the above vibroacoustic system is symmetric in the directions of the length and breadth of the panels. The structural mode shapes of the panels and the acoustic mode shapes of the air gap and enclosure are then clustered into an even or an odd function, in the two directions. In other words, the even/even, even/odd, odd/even, and odd/odd clusters are defined. The four clusters are independent contributors to both the structural kinetic energies of the panels and the acoustic potential energies in the air gap and enclosure. However, the independence is effective in units of the clusters but not in units of the structural modes included in each cluster. In this sense, the clusters are rough vibroacoustic independent contributors. Spatial filters, termed cluster filters, were formulated to extract each cluster from measured panel velocities, under the assumption that the velocity measurement points are symmetric. No information, except for the symmetry of the double wall, is required for the filter design. These filters are frequency independent and simple adders/subtracters. Also, these filters can be implemented in fixed gains. The simplicity of these filters is attractive from a practical point of view, though the applicable scope is limited to symmetric double walls. Moreover, the performance of the control system with the cluster filters was verified. In principle, cluster control does not strictly guarantee that the transmission loss of the double wall is improved while suppressing an increase in structural vibrations of the double wall, because the clusters are independent among the clusters but not among the structural modes in each cluster. It was confirmed from the simulation results that both the vibrations and sound were successfully controlled.
Finally, pros and cons of vibroacoustic modal control, which is discussed in the accompanying paper, and cluster control, which is presented in this paper, are summarized.
An advantage of vibroacoustic modal control is the strict independence to the sum of the structural kinetic energy of the double wall and the acoustic potential energy in the room. Vibroacoustic modal control can precisely balance the vibrations and sound. Another advantage of this strategy is the broad applicable scope. Vibroacoustic modal control can be applied to symmetric as well as asymmetric double walls. A disadvantage of this method is the complexity and costliness. Acoustic transfer functions in the room must be known to design the filters to estimate the complex amplitudes of the vibroacoustic modes from the velocities measured on the double wall. Also, these filters are frequency dependent and thus must be implemented with digital filters.
On the other hand, an advantage of cluster control is the simplicity and economical efficiency. Symmetry of the double wall is all necessary for designing the filters to extract each cluster from the velocities measured on the double wall. The filtering process is merely addition or subtraction, and does not depend on frequencies. These filters can be implemented in fixed gains. A disadvantage of this approach is the limited applicable scope. Cluster control cannot be applied to asymmetric double walls. For instance, some of double sliding windows are asymmetric and inapplicable. Double fixed window is a good application example. Another disadvantage of this control system is the incomplete independence to the structural kinetic energy of the double wall and the acoustic potential energy in the room. Cluster control cannot exactly balance between the vibrations and sound.
What it comes down to is as follows. When asymmetric double walls, e.g. some of double sliding windows and double hinged windows, are of interest, vibroacoustic modal control is only choice. In the case where symmetric double walls, e.g. double fixed windows, are considered, vibroacoustic modal control and cluster control are both selectable. If a precise control of both the vibrations and sound is desired and the associated computational cost is allowed, then vibroacoustic modal control should be used. In contrast, if the control system must be more inexpensive, cluster control should be employed.
